
A
I

X
a

b

c

H

a

A
R
R
A

K
P
L
P
S
G

1

i
m
g

g

0
h

International Journal of Applied Earth Observation and Geoinformation 21 (2013) 136–148

Contents lists available at SciVerse ScienceDirect

International  Journal  of  Applied  Earth  Observation  and
Geoinformation

jo u rn al hom epage: www.elsev ier .com/ locate / jag

 statistical  simulation  model  for  positional  error  of  line  features  in  Geographic
nformation  Systems  (GIS)

iaohua  Tonga,∗,1, Tong  Suna,1, Junyi  Fana,1,  Michael  F.  Goodchildb,2,  Wenzhong  Shic,3

Department of Surveying and Geo-informatics, Tongji University, 1239 Siping Road, Shanghai 200092, PR China
National Center for Geographic Information and Analysis, and Department of Geography, University of California, Santa Barbara, CA 93106-4060, USA
Advanced Research Center for Spatial Information Technology, Department of Land Surveying and Geo-informatics, The Hong Kong Polytechnic University, Hung Hom, Kowloon,
ong  Kong

 r  t  i  c  l  e  i  n  f  o

rticle history:
eceived 27 July 2011
eceived in revised form 13 August 2012
ccepted 14 August 2012

eywords:
ositional error
ine feature
robability
imulation
IS

a  b  s  t  r  a  c  t

This  paper  presents  a new  error band  model,  the  statistical  simulation  error  model,  for  describing  the  posi-
tional error  of line  features  by  incorporating  both  analytical  and  simulation  methods.  In  this  study,  line
features  include  line segments,  polylines,  and  polygons.  In existing  error  models,  an  infinite  number  of
points  on  the line  segment  are  considered  as  the  stochastic  variables  and the error  band  of a  line segment
is obtained  from  the  union  of all intermediate  points  on the  line  segment,  while  that  of  a polyline/polygon
is  obtained  from  the  union  of  all error  bands  of  the  composite  line  segments.  Our  proposed  error  band
model,  however,  regards  the  entire  line  feature  (line  segment/polyline/polygon)  as  the  stochastic  variable,
instead of  the  infinite  number  of  points  on the line  segment.  Based  solely  on the  statistical  characteristics
of  the endpoints  of  the  line  feature  and  the predefined  confidence  level,  our  proposed  error  model  is cre-
ated by  a simulation  method  that  integrates  a population  of  line  segments/polylines/polygons  computed
from  the entire  solution  set  of  the  error  model’s  defining  equation.

A comprehensive  comparison  of the proposed  and  existing  error  band  models  is  carried  out through
both  simulated  and  practical  experiments.  The  experimental  results  show  the  following:  (1)  For  line  seg-
ments, the  proposed  standard  statistically  simulated  error  band  matches  that of existing  error  models  (for

example,  the  G-band).  Further,  it is  found  that  a scaled  G-band  with  a specific  scale  factor  (e.g.,
√

�2
4(˛))

matches  the  proposed  statistically  simulated  error  band  with  probability  (1  −  ˛)  ×  100%.  (2)  For  polylines
and  polygons,  if we  correlate  the  errors  of  all the  endpoints  of the  polyline/polygon,  there  is  a  marked

difference  between  the  proposed  statistically  simulated  error  band  and  existing  error  bands.  The  reason
for the  difference  is  explained  as  follows.  The  existing  error  model  defines  the  error  band  of  a poly-
line/polygon  as the  union  of  all error  bands  of  the composite  line  segments,  thereby  only  accounting  for
the  correlation  between  the  two  endpoints  of each  composite  line  segment.  However,  our proposed  error
band  model  considers  the  entire  polyline/polygon  as  a whole  by accounting  for the  variance–covariance
matrix  of  all  vertices  of the  polyline/polygon  when  constructing  the  statistically  simulated  error  band.

© 2012  Elsevier  B.V.  All  rights  reserved.
. Introduction

The positional error of line features is one of the key issues

n Geographic Information Systems (GIS). At the same time, error

odeling of line features has important consequences for many
eographical applications. During the past two decades, much
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attention has been focused on modeling the positional error of line
features, including line segments, polylines, and polygons in GIS.

The error band model is important in the fields of cartogra-
phy and GIS, where it is used in the measurement of cartographic
errors in digital databases (Chrisman, 1982), epsilon bounded
point-in-polygon checks (Blakemore, 1984), point-in-polygon
queries under certainty and uncertainty (Leung and Yan, 1997),
sliver polygon identification in map  overlays (Veregin, 1989), and
the estimation of positional uncertainty in digital databases (Dunn
et al., 1990; Zhang and Goodchild, 2002), amongst others. The

epsilon band, first proposed by Perkal (1956),  defines an error
region around the line with a constant width on each side of the
line. However, the epsilon band is a deterministic error model that
assumes that the band is uniform in width and that the true line
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efinitely falls within the band (Goodchild and Dubuc, 1987; Shi,
994; Leung and Yan, 1998; Veregin, 1999; Chapman et al., 2003;
ong and Shi, 2010).

According to statistical theory, there are generally two cases
or normality assumptions for line segments in error models. The
rst assumes that the errors of the two endpoints of the line seg-
ent are independent and that each follows a two-dimensional

ormal distribution, while the second assumes that the errors of
he two endpoints are correlated and follow a four-dimensional
ormal distribution. Following the first case, Caspary and Scheuring
1993) presented an error band model by applying the error propa-
ation law to the component points on the line segment. Shi (1994)
erived the error distribution of the intermediate points on the line
egment. Kimberly (2007) derived the posterior mean and variance
f an intermediate point on a line segment using Bayesian method-
logy. The confidence region model is another kind of error model.
nder the first case of the assumption, Shi (1994) proposed a con-
dence region model for a line segment in a two-dimensional GIS,
nd extended the model to the confidence space of three- and N-
imensional features (Shi, 1998). In his study, the confidence region
f the line segment, formed by the union of the confidence regions
f all the points on the line segment, is supposed to contain the line
egment with a probability greater than the prescribed confidence
evel. Moreover, Shi (1994, 1998) derived the confidence region
f a line segment as a rectangle-based shape since the confidence
egion of each arbitrary point on the line segment was assumed to
e a rectangle. The error ellipse model, however, is the error model
ommonly used in geodetic science (Mikhail and Ackermann, 1976;

olf and Ghilani, 1997), and has been introduced in modeling the
ositional error of line segments in the GIS community since it is
ully defined with variance and covariance in and between the x-
nd y-coordinates (Shi and Liu, 2000; Zhang and Goodchild, 2002;
hapman et al., 2003; Kimberly, 2007; Tong and Shi, 2010).

Under the second case of the assumption, Shi and Liu (2000)
erived a joint distribution density function of a line segment by
egarding an infinite number of points on the line segment as the
tochastic variables, and subsequently developed an error band for
he line segment, known as the “G-band” model. In the G-band

odel, an infinite number of error ellipses of all points along the
ine segment are drawn around the true or estimated location of
he line segment, with the G-band defined as the envelope of these
llipses. Chapman et al. (2003) derived the error ellipses of arbitrary
oints on a line segment based on the variance–covariance matrix
f the coordinates of the two endpoints, and constructed the error
and from the ellipses for points along the line segment. However,
uch ellipse-based error bands do not give the probability of the
ine segment falling within the band area.

Goodchild and Hunter (1997) proposed an error buffer method
hat robustly estimates the percentage of the observed line lying
ithin the buffer by considering cases where (1) all the observed

ines are contained within the buffer, and (2) some fraction of the
bserved line falls within the buffer. Based on the assumption that
he positional error of a point follows a circular normal distribution,
hich is a special case of the two-dimensional normal distribu-

ion where errors are not correlated with respect to the x- and
-coordinates and the error values for both coordinates are the
ame, Leung and Yan (1998) derived the probability that a point
ies within a circular area based on the Rayleigh distribution. The
ocation model was further extended to describe positional errors
or lines and polygons with the aid of the epsilon band model.

As an alternative to the analytical method discussed above, a
imulation method has been used for error modeling in environ-

ental studies and in GIS (Heuvelink et al., 1989, 2007; Dutton,

992; Heuvelink, 1998; Zhang and Goodchild, 2002; Van Niel and
affan, 2003; Shi et al., 2004). Dutton (1992) observed the error
istribution of line segments using Monte Carlo simulation. In
ervation and Geoinformation 21 (2013) 136–148 137

Dutton’s simulation, a random sample of possible vertices, the
errors of which were assumed to follow a circular normal distribu-
tion, was  generated, and the error distribution of the line segment
was examined by a population of realizations of the line segment.
Zhang and Goodchild (2002) simulated the two endpoints of a line
segment several thousand times, where the positional errors of the
endpoints have a two-dimensional normal distribution. These dis-
torted versions of line segments were rasterized and summed to
produce the line density surface of the line segment. Barber and
Prager (2008) presented a Bayesian approach for combining multi-
ple maps of line features to infer the true position, and obtained a
‘simultaneous’ (credible) region for the line feature based on sam-
ples of lines from their posterior distribution.

Considering the above-mentioned error models for line features,
there are two  issues that need further investigation. (1) Exist-
ing error models have focused on the shape and size of the error
bands. However, the probability of the measured line feature falling
entirely within its error band still needs to be investigated. (2) Exist-
ing error models regard the infinite number of points on the line
segment as stochastic variables, with the error band of the line
segment formed from the union of all the intermediate points on
the line segment. Likewise, the error band of a polyline/polygon
is calculated as the union of all error bands of the composite line
segments.

Therefore, the aim of this paper is to present an error band
model, known as the statistical simulation error model, for describ-
ing the positional error of line features by incorporating both
analytical and simulation methods. In our study, line features
include line segments, polylines, and polygons. The proposed error
band model is novel in that, (1) it contains the true/estimated loca-
tion of the line feature with probability no less than the predefined
confidence level; and (2) it is generated by considering the entire
line feature as the stochastic variable. In other words, the entire
line segment, instead of only an infinite number of points on the
line segment, is regarded as the stochastic variable in the proposed
model. In addition, the proposed model accounts for both corre-
lated and uncorrelated errors of all endpoints of the line feature.

2. The statistical simulation error model

In the G-band model (Shi and Liu, 2000) and Chapman’s model
(Chapman et al., 2003), a line segment is assumed to be a com-
posite of N continuous points (where N is a very large number),
the coordinates of which are random variables. However, in this
section, we prove theoretically that the joint probability density
function of all the component points on a line segment is singular.
Further, the existing error models define the error band of a poly-
line/polygon as the union of all error bands of the composite line
segments. This may  not be suitable in the case where the errors of
all the endpoints of the polyline/polygon are correlated. To address
the disadvantage of existing error models for line features, a statis-
tical simulation model is derived based on probability theory and
a simulation method. The proposed error model defines the error
band of a polyline/polygon by considering the polyline/polygon as
whole, instead of combining all the error bands of the composite
line segments of the polyline/polygon.

2.1. The statistically simulated error band for line segments
A line segment is defined by its two  endpoints. The coordinates
of the two endpoints of the line segment can be regarded as random
variables represented by a random vector S2 = [ X1 Y1 X2 Y2 ]T .
At the same time, for simplicity, we assume that these coordinates
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onform to a four-dimensional normal distribution, that is, (Mikhail
nd Ackermann, 1976; Shi and Liu, 2000)

2∼N4(�2, ˙2), (1)

here �2 = [ �X1 �Y1 �X2 �Y2 ]T is the mean vector, and �2
s the variance–covariance matrix of the two endpoints of the line
egment.

There are two reasons for adopting the normality assumption
n our proposed model. (1) Normality is the simplest assumption;
hat is, a normal distribution of random errors is what we expect. In
ddition, if more information is available, this assumption can be
odified, together with corresponding modifications to our pro-

osed model. (2) It should be noted that this (i.e., normality) is an
ssumption in our proposed model rather than being inherent in
ll spatial data. For example, Bolstad et al. (1990) found that the
ositional error of manually-digitized point data follows a bimodal
istribution. Tong and Liu (2004) found that the positional error of
igitized data follows a P-norm distribution with p = 1.60, which is
ighly consistent with a combination of the normal and Laplace dis-
ributions. Therefore, the normality assumption for random errors
an be applied in some cases, but is not inherent in the data capture
rocess for all types of data.

Assuming that a line segment can be regarded as a composite
f N continuous points, that the coordinates of these points are
andom variables, and that the line segment follows a 2N-
imensional normal distribution, the probability density function

s given as:

 (s) = f (x21, y21, x22, y22, ..., x2N, y2N)

= 1

(2�)N
∣∣˙∣∣1/2

exp
{

−1
2

(s − �)T ˙−1(s − �)
}

(2)

here s = [x21, y21, x22, y22, ..., x2N, y2N]T represents a random vec-
or containing coordinates of all N points on the line segment with
21 = X1, y21 = Y1, x2N = X2, and y2N = Y2, and � and � are, respec-
ively, the mean vector and covariance matrix of s.

In the following, we construct the statistical error band model
f a line segment based on its probability density function, i.e., the
oint density of all component points on the line segment. There-
ore, the characteristics of the probability density function in Eq. (2)
eed further investigation. Three parameters must be determined

n Eq. (2):  the mean vector �, the inverse of the covariance matrix
, and its determinant.

The coordinates of an arbitrary point, denoted as P2i(x2i, y2i), on
he line segment are calculated as (Caspary and Scheuring, 1993;
hi, 1994)

x2i = (1 − r)X1 + rX2

y2i = (1 − r)Y1 + rY2

(0 ≤ r ≤ 1),  (3)

here r = li/l, li is the distance between points P2i and P1, and l is
he length of the entire line segment.

Therefore, the three parameters in Eq. (2) are calculated as fol-
ows:

(a) The mean vector � is computed as:

 = A�2, (4)

⎡
⎢⎢⎢

1 − r1 0 r1 0

0 1 − r1 0 r1

⎤
⎥⎥⎥ { }
here A = ⎢⎢⎢⎣ ... ... ... ...

1 − rN 0 rN 0

0 1 − rN 0 rN

⎥⎥⎥⎦
0 ≤ r1<... < rN ≤ 1 .
ervation and Geoinformation 21 (2013) 136–148

(b) The covariance matrix � is derived from the error propagation
law

 ̇ = A˙2AT , (5)

where �2 is the variance–covariance matrix of the two endpoints
of the line segment in Eq. (1).

From Eq. (3) it can be seen that the intermediate points on the
line segment are determined by the two  endpoints of the line seg-
ment. Therefore, the errors of the composite points on the line
segment are correlated. As a result, the covariance matrix � in Eq.
(5) is rank deficient, and the probability density function in Eq. (2)
is singular. In this case, the inverse matrix of � can be obtained
with the aid of the g-inverse (generalized inverse) of �−.

Computation of the rank of matrix � is based on Sylvester’s rank
inequality (Meyer, 2001), i.e., if E is an m-by-n matrix, and F is an
n-by-s matrix, then rank(E) + rank(F) − n ≤ rank(EF) ≤ min {rank(E),
rank(F)}. Because �2 is positive definite, we  have rank(�2) = 4;
and since r1 /= r2 /= . . . /= rN in A, the similarity matrix G of A is
obtained from (Golub and Van Loan, 1989).

A∼G =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1

0 0 0 0

... ... ... ...

0 0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

(6)

From Eq. (6), we  have rank(A) = 4. Therefore, based on Sylvester’s
rank inequality, we  can further obtain the rank of matrix � with the
size of 2N × 2N as follows: rank(�) = rank(A�2AT) = 4 < 2N, which
means that the covariance matrix � is rank deficient. Since the first
four rows in matrix A form an identity matrix of size four, and the
first 4 × 4 partition in � is actually the same as �2 (non-singular),
one of the simplest solutions of the non-unique g-inverse �− is

˙−∗ =

⎡
⎣ ˙−1

2
4×4

0
4×(2N−4)

0
(2N−4)×4

0
(2N−4)×(2N−4)

⎤
⎦ . (7)

where the notation below each matrix represent its size.
With the aid of the specific solution �−*, the generic solution

set of �− is expressed as:

˙− = ˙−∗ + U − ˙−∗˙U˙˙−∗, (8)

where U is any matrix with the same size as �−*.
If we  substitute the value of �−* for �− in Eq. (2),  the quadratic

form (s − �)T˙−(s − �) becomes S2 − �2
T ˙−1

2 (S2 − �2) (see the
Appendix), that is,

(s − �)T ˙−(s − �) = (s − �)T ˙−∗(s − �) = (S2 − �2)T ˙−1
2 (S2 − �2)

(9)

(c) The determinant of �2 is calculated based on its eigenvalues∣∣˙2

∣∣ = �1�2�3�4, (10)

where �1, �2, �3, and �4 are nonzero eigenvalues of �2.
In the case of a singular normal distribution, the density of ran-

dom vector s (the line segment) in Eq. (2) can be defined with the
aid of the g-inverse �− of � (Meyer, 2001). Therefore, the singular

density of s is (Härdle and Simar, 2007)

f (s) = 1

(2�)r/2(�1· · ·�r)1/2
exp

{
−1

2
(s − �)T ˙−(s − �)

}
, (11)
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here r is the rank of matrix �,  �1, . . .,  �r are nonzero eigenval-
es of �,  and s satisfies the constraint condition BT

2(s − �) = 0 with
T
2  ̇ = 0 and BT

2B2 = I2N−r , with B2 a 2N × (2N  − r) matrix of the
rthonormal eigenvectors corresponding to the zero eigenvalue of
, and I2N−r an identity matrix with rank (2N  − r) (Härdle and Simar,

007).
Based on Eqs. (7) and (11), the singular density of s is

 (s) = 1

(2�)4/2(�1· · ·�4)1/2
exp

{
−1

2
(S2 − �2)T ˙−1

2 (S2 − �2)
}

.

(12)

Therefore, Eq. (12) gives the singular probability density func-
ion of vector s representing the coordinates of N continuous points
n the line segment, and forms the basis of our proposed statistical
imulation error model. Equation (12) shows that the probabil-
ty density function of the entire line segment depends only on
ts endpoint vector S2 and its positive definite quadratic form
S2 − �2)T ˙−1

2 (S2 − �2). The latter is also called the squared Maha-
anobis distance between random vector S2 and its mean vector �2,

hile the function, (S2 − �2)T ˙−1
2 (S2 − �2) = k2 (k is a constant),

epresents a family of four-dimensional hyperellipsoids of constant
robability (Mikhail and Ackermann, 1976).

According to Härdle and Simar (2007),  if a p × 1 multivariate nor-
al  random vector X ∼ Np(�, �),  the squared Mahalanobis distance

etween X and � follows a chi-square distribution with p degrees
f freedom. Thus, if we define a specific hyperellipsoid by taking
he squared Mahalanobis distance equal to the critical value of a
2
˛ distribution and evaluate this at ˛, then the probability that the
andom value X falls entirely within the ellipsoid is equal to 1 − ˛.
n this case, since there are four variables in random vector S2, the
istribution of S2 is the chi-square with four degrees of freedom,
nd the corresponding critical value is �2

4(˛).

r
{

(S2 − �2)T ˙−1
2 (S2 − �2) ≤ �2

4(˛)
}

= 1 −  ̨ (13)

Therefore, the ellipsoid defined by

s − �)T ˙−(s − �) = (S2 − �2)T ˙−1
2 (S2 − �2) = �2

4(˛) (14)

represents a contour of constant density. The ellipsoid encloses
1 − ˛) × 100% of the random observations of the line segment.
herefore, we use this contour expression of the ellipsoid as the
efining equation for our proposed error band model.

.2. The statistically simulated error band for polylines and
olygons

A polyline has an ordered set of vertices and consists of a con-
ected sequence of line segments. In the case that the observed
ertices of a polyline are independent of each other, Shi (1998)
onstructed the error band of the polyline as the union of all error
ands of the component line segments. However, in the case that
he errors of the observed vertices of a polyline are correlated,
rror modeling of the polyline must account for all vertices on the
olyline simultaneously, rather than individually for the compo-
ent line segments, each of which consists of only the two vertices
endpoints).

Assume that a polyline consisting of m vertices is defined as
m = [X1, Y1, ..., Xm, Ym]T, and that the random vector Sm follows a
m-dimensional normal distribution, that is,

m∼N2m(�m, ˙m), (15)
here �m is the mean vector, i.e., �m =
�X1 �Y1 ... �Xm �Ym ]T , and �m is the variance–covariance
atrix of Sm.
ervation and Geoinformation 21 (2013) 136–148 139

Further assume that each of the component line segments of
the polyline can be regarded as a composite of N continuous points
(where N may  be a very large number) (Shi and Liu, 2000; Chapman
et al., 2003), and that the coordinates of these points are ran-
dom variables. Thus, vector s representing the coordinates of these
points on the polyline is given by:

s =

⎡
⎢⎢⎢⎣

x11 y11 x12 y12 ... x1N y1N

x21 y21 x22 y22 ... x2N y2N

... ... ... ... ... ... ...

xm1 ym1 xm2 ym2 ... xmN ymN

⎤
⎥⎥⎥⎦

T

. (16)

From Eq. (16), we can see that vector s includes N × m random
variables and follows a 2(N  × m)-dimensional normal distribution
with probability density function

f (s) = 1

(2�)2(N×m)/2
∣∣˙∣∣1/2

exp
{

−1
2

(s − �)T ˙−1(s − �)
}

, (17)

where � and � are the mean vector and covariance matrix of s,
respectively.

Based on a similar derivation in Section 2.1, Eq. (17) is a singu-
lar probability density function of the normal distribution, and can
further be derived as:

f (s) = 1

(2�)2m/2(�1· · ·�2m)1/2
exp

{
− 1

2
(Sm − �m)T ˙m

−1(Sm − �m)
}

,

(18)

where �1, �2, . . .,  �m are nonzero eigenvalues of �m.
Equation (18) is the singular probability density function of vec-

tor s representing the coordinates of N continuous points on the
polyline, and forms the basis of our proposed statistical simulation
model. According to Eq. (18), (Sm − �m)T ˙−1

m (Sm − �m) follows a
chi-square distribution with 2m degrees of freedom. Assuming that
the probability of random vector Sm falling entirely within the ellip-
soid defined by (Sm − �m)T ˙−1

m (Sm − �m) is equal to 1 − ˛, and that
the corresponding critical value is �2

2m(˛), we have

Pr
{

(Sm − �m)T ˙−1
m (Sm − �m) ≤ �2

2m(˛)
}

= 1 − ˛. (19)

Therefore, the ellipsoid enclosing (1 − ˛) × 100% of the random
observations of s is defined as:

(s − �)T ˙−(s − �) = (Sm − �m)T ˙−1
m (Sm − �m) = �2

2m(˛). (20)

Similarly, Eq. (20) is used as the defining equation for the sta-
tistical simulation error model with probability (1 − ˛) × 100% for
a polyline.

Since a polygon can be considered as a special type of polyline,
that is, a closed polyline, the defining equation for the statistically
simulated error band for polygons is actually the same as that for
polylines.

2.3. Construction of the statistically simulated error band

2.3.1. Construction of the statistically simulated error band for
line segments

For line segments, Eq. (14) defines an ellipsoid centered at �2 in
a four-dimensional space, while solution S2 = [ X1 Y1 X2 Y2 ]T

gives the coordinates of the two  endpoints satisfying the equation.
Therefore, to construct the error band using the defining equation,
we propose projecting the four-dimensional solution set S2 onto a
plane while considering the following: (1) a line segment is defined

by its two endpoints; (2) all the component points on the line seg-
ment are supposed to be connected by the endpoints; and (3) the
statistics of the component points can be computed by those of the
endpoints.
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2m-dimensional space, while solution Sm = [X1, Y1, · · · Xm, Ym]T gives
the coordinates of the m vertices satisfying the equation.

Using the simulation method described in
Section 2.4.1, with assistant vector 
Tm =
Fig. 1. Example sampling strategy with �/6 as t

Therefore, the projection is carried out as follows: (a) plot the
ndpoints of each specific solution in S2; (b) connect each pair of
tart and end points to construct a line segment satisfying Eq. (14);
nd (c) repeat the previous two steps to integrate all the connected
ine segments. The union of all the solution sets in S2 (e.g., the line
egments constructed by connecting the two endpoints) forms the
roposed error band for the line segment.

In practice, however, it is difficult to solve the defining equation
nd to obtain the entire solution set of S2 analytically. Therefore,
e propose using a simulation method to sample sufficient specific

olutions from S2.
The finite number of selected specific solutions of S2 satisfy-

ng the equation (S2 − �2)T ˙−1
2 (S2 − �2) = �2

4(˛), should be evenly
istributed in the entire solution set, so that the subset effectively
epresents the entire solution set. To obtain such samples, we  per-
orm a set of transformations on the defining equation, which are
iscussed as follows.

The eigendecomposition of �2 is

2 = R	RT , (21)

here R is an orthogonal matrix whose columns are the normalized
igenvectors of �2, and 	 = diag(�1, �2, �3, �4).

Substituting Eq. (21) in the equation (S2 − �2)T ˙−1
2 (S2 − �2) =

2
4(˛), yields

ST
2 (R	RT )

−1

S2 = �2

4(˛), (22)

here 
S2 = S2 − �2 = [ 
X1 
Y1 
X2 
Y2 ]T , and �2 is the
xpectation of S2.

Further, we define the rotated vector of �S2 as 
T2 =
X ′

1 Y ′
1 X ′

2 Y ′
2 ]T , thus the random variables X1 ’ , Y1 ’ , X2 ’ and Y2 ’

ontained in �T2 are in a rotated coordinate system with uncorre-
ated axes. The rotation function between the two vectors (�S2 and

T2) is

S2 = R · 
T2, (23)

Substituting Eq. (23) in the Eq. (22) yields

T2	−1
T2 = �2
4(˛), (24)

Geometrically, the defining equation describes an ellipsoid (an
quidensity contour of a line segment’s distribution) centered
t the mean. The directions of the principal axes of the ellip-
oid are determined by the eigenvectors of the quadratic form
S2 − �2)T ˙−1

2 (S2 − �2), and the squared relative lengths of the
rincipal axes are determined by the corresponding eigenvalues

Härdle and Simar, 2007). Expanding Eq. (24) gives

X ′2
1

�1
+ Y ′2

1
�2

+ X ′2
2

�3
+ Y ′2

2
�4

= �2
4(˛), (25)
pling interval for angle parameters ı, ϕ, and �.

Similar to spherical coordinates in a three-dimensional space,
the above four-dimensional ellipsoid can be parameterized by:⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

X ′
1 =

√
�1�2

4(˛) sin (ı) sin (ϕ) cos (�)

Y ′
1 =

√
�2�2

4(˛) sin (ı) sin (ϕ) sin (�)

X ′
2 =

√
�3�2

4(˛) sin (ı) cos (ϕ)

Y ′
2 =

√
�4�2

4(˛) cos (ı)

0 ≤ ı ≤ 2�; 0 ≤ ϕ ≤ �; 0 ≤ � ≤ � (26)

Equation (26) actually defines the transformation of the coor-
dinates between the Cartesian coordinate system and a spherical
one, where ı, ϕ, and � are the angle parameters in the spherical
coordinate system. The purpose of the conversion of the Cartesian
coordinates to spherical ones is to facilitate sampling and projec-
tion of the four-dimensional solution set onto the plane in order to
construct the proposed error band. With the aid of the above param-
eterized equation, we  propose traversing the solution space of �S2
(or �T2) in a systematic way to ensure that the selected subset of
solutions has a uniform distribution over the solution space.

Fig. 1 shows an example of the uniform sampling method. We
use �/6 as the sampling interval for the angle parameters in Eq. (26),
i.e., we set the angle parameters [ı, ϕ, �] to [0, 0, 0], [0, 0, �/6], . . .,  [0,
0, 2�]; [0, �/6, 0], [0, �/6, �/6], . . .,  [0, �/6, 2�]; . . .;  [�/6, 0, 0], [�/6,
0, �/6], . . .,  [�/6, 0, 2�]; . . ..  Thus, by substituting each sampling
interval of [ı, ϕ, �] in the parameterized equation, we obtain a total
of 6 × 6 × 12 = 432 sample solutions in 
T2 = [ X ′

1 Y ′
1 X ′

2 Y ′
2 ]T .

The sampling interval controls the frequency with which we  collect
representative specific solutions. For example, to better represent
the universal solution set of �T2, we can reduce the sampling inter-
val to obtain more specific solutions. Furthermore, using Eq. (26),
we also obtain the same number of sample solutions of �S2 as those
of �T2. Finally, the statistical error band of the line segment with
probability (1 − ˛) × 100% is simulated with the selected solutions
S2 = R�T2 + �2 by connecting the two endpoints in each specific
solution. Fig. 2 shows an example of the statistically simulated error
band for a line segment.

2.3.2. Construction of the statistically simulated error band for
polylines and polygons

For a polyline composed of m vertices (i.e., P1, P2, . . .,  Pm), Eq.
(20) gives the defining equation for an ellipsoid centered at �m in a
Fig. 2. Example of the statistically simulated error band for a line segment.
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Table  1
Original data set of line segment P1P2.

Line no. P1 P2

x1 (m)  y1 (m)  �2
x1

(m2) �2
y1

(m2) �x1y1 (m2) �x1x2 (m2) �x1y2 (m2) x2 (m)  y2 (m)  �2
x2

(m2) �2
y2

(m2) �x2y2 (m2) �x2y1 (m2) �y2y1 (m2)

1 300.00 0.00 16.42 16.42 0.00 0.00 0.00 300.00 70.00 16.42 16.42 0.00 0.00 0.00
2  300.00 0.00 18.83 13.54 7.31 0.00 0.00 300.00 70.00 18.83 13.54 7.31 0.00 0.00
3  300.00 0.00 18.83 14.54 7.31 4.20 3.96 300.00 70.00 16.42 15.54 6.57 5.16 3.57

6 

6 

6 

[
t
f⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

a

p

T
O

4  300.00 0.00 15.84 15.84 8.83 4.56 4.5
5 300.00  0.00 15.84 15.84 8.83 3.96 3.9
6 300.00  0.00 17.30 11.42 9.60 3.56 −4.5

X ′
1, Y ′

1, X ′
2, Y ′

2, X ′
3, Y ′

3, · · ·, X ′
m, Y ′

m ]
T

and rota-
ion matrix R obtained by diagonalizing �m, the parameterized
orm of the defining equation in Eq. (20) is given as:

X ′
1 =

√
�1�2

2m
(˛) sin (˛1) sin (˛2) sin (˛3)... cos (˛2m)

Y ′
1 =

√
�2�2

2m
(˛) sin (˛1) sin (˛2) sin (˛3)... sin (˛2m)

.

.

. 0 ≤ ˛i ≤ �

X ′
m−1 =

√
�2m−3�2

2m
(˛) sin (˛1) sin (˛2) sin (˛3) cos (˛4) i = 1, 2, ...(2m  − 1)

Y ′
m−1 =

√
�2m−2�2

2m
(˛) sin (˛1) sin (˛2) cos (˛3) 0 ≤ ˛2m ≤ 2�

X ′
m =

√
�2m−1�2

2m
(˛) sin (˛1) cos (˛2)

Y ′
m =

√
�2m�2

2m
(˛) cos (˛1)

(27)
where �1, . . .,  �2m are eigenvalues of �m, and ˛1, ˛2, ˛3, . . .,  ˛2m
re the angle parameters in the spherical coordinate system.

Using the sampling strategy given in Section 2.3.1 for the angle
arameters in Eq. (27), we obtain solution set Sm = [X1, Y1, · · · Xm,

able 2
riginal data set of polyline P1P2P3 .

Polyline no. P1

X1 (m)  Y1 (m)  �2
x1

(m2) �2
y1

(m2) �x1y

1 0.00 0.00 15.58 13.58 0.0
2  0.00 0.00 5.58 23.58 0.0
3  0.00 0.00 25.58 13.58 6.8
4 0.00  0.00 25.58 23.58 6.8
5  0.00 0.00 15.58 13.58 6.8
6  0.00 0.00 5.58 15.58 0.0
7  0.00 0.00 25.58 13.58 −11.8
8  0.00 0.00 15.58 23.58 0.0

Polyline no. P2

X2 (m)  Y2 (m)  �2
x2

(m2) �2
y2

(m2) �x2y

1 70.00 0.00 16.28 15.58 0.00
2  70.00 0.00 16.28 15.58 0.00
3  70.00 0.00 16.28 15.58 0.00
4  70.00 0.00 16.28 15.58 0.00
5 70.00  0.00 16.28 15.58 0.00
6  70.00 0.00 26.58 25.58 0.00
7  70.00 0.00 16.58 5.58 0.00
8  70.00 0.00 26.58 15.58 0.00

Polyline no. P3

X3 (m)  Y3(m)  �2
x3

(m2) �2
y3

(m2) �x3y

1 140.00 0.00 21.58 18.40 0.00
2  140.00 0.00 25.58 18.40 0.00
3  140.00 0.00 15.58 28.40 0.00
4  140.00 0.00 11.58 18.40 0.00
5 140.00  0.00 25.58 28.40 0.00
6  140.00 0.00 15.58 28.40 0.00
7 140.00  0.00 15.58 18.40 0.00
8  140.00 0.00 15.58 28.40 0.00
300.00 70.00 15.84 15.84 8.83 −4.56 −4.56
300.00 70.00 17.30 12.04 −9.58 3.96 3.96
300.00 70.00 17.30 12.04 −7.54 −4.56 4.56

Ym]T = R · 
Tm + �m using a linear transformation. After obtaining
the specific solutions of the defining equation, we  “project” each
solution to obtain the statistical simulation error model by con-
necting the m vertices in order.

The statistically simulated error band of a polygon can be con-
structed similarly. The only difference is that the first and last points
of the polygon need to be connected when constructing the error
band.

3. Comparison of the proposed statistically simulated error
band and G-band

In this section, we further investigate the statistically simulated
error band by examining its relationship to the G-band model (Shi
and Liu, 2000) through case studies. As discussed above, assuming
that a line segment is a composite of N continuous points (where
N is a very large number), an infinite number of error ellipses for

all points along the line segment can be computed, and the G-band
is formed as the envelope of these ellipses. One of the advantages
of the G-band model is that it accounts for the correlation between
the two endpoints of the line segment. However, the G-band model

1 (m2) �x1x2 (m2) �x1y2 (m2) �x1x3 (m2) �x1y3 (m2)

0 0.00 0.00 0.00 0.00
0 0.00 0.00 21.03 0.00
7 0.00 −3.94 21.03 20.98
7 0.00 3.94 0.00 22.70
7 0.00 −3.94 −21.03 25.98
0 0.00 0.00 15.56 17.56
7 5.32 −6.94 25.56 17.56
0 0.00 0.00 15.56 17.56

2 (m2) �x2x3 (m2) �x2y3 (m2) �y1x2 (m2) �y2y1 (m2)

 0.00 0.00 0.00 0.00
 0.00 0.00 0.00 0.00
 −8.32 0.00 0.00 10.02
 0.00 0.00 0.00 10.02
 −8.32 0.00 7.36 −5.02
 0.00 0.00 0.00 0.00
 −8.32 0.00 −7.36 10.02
 0.00 0.00 0.00 0.00

3 (m2) �x3y1 (m2) �y3y1 (m2) �y2x3 (m2) �y2y3 (m2)

 0.00 0.00 0.00 0.00
 0.00 0.00 0.00 0.00
 16.30 0.00 3.03 16.87
 16.30 0.00 0.00 0.00
 0.00 17.32 12.03 −16.87
 15.56 25.56 0.00 0.00
 −15.56 15.56 3.03 −6.87
 25.56 27.56 0.00 0.00
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Fig. 3. Overlay of the proposed standard statistically simulated error band and the G-band formed by successive standard ellipses.

Table  3
Results of the adjusted coordinates and right-angles of the digitized building polygon.

Point no. Digitized coordinates and calculated
angles of the building

Adjusted coordinates and angles of the
building

Residuals of coordinates and angles of
the building

x (m)  y (m)   ̌ (deg) x̂ (m) ŷ (m) ˆ̌ Vx (m)  Vy (m)  �  ̌ (deg)

1 2350.89 101.08 91◦37′45′′ 2350.0894 101.0529 90◦00′00′′ 0.0004 −0.0271 −1◦37′45′′

2 2353.15 102.04 88◦25′14′′ 2353.1332 102.0612 90◦00′00′′ −0.0168 0.0212 1◦34′46′′

3 2352.23 104.05 89◦48′10′′ 2352.2413 104.0421 90◦00′00′′ 0.0113 −0.0079 0◦11′50′′

4 2350.00 103.02 90◦08′51′′ 2350.0018 103.0338 90◦00′00′′ 0.0018 0.0138 0◦08′51′′

F

i

ig. 4. Overlay of the 95% statistically simulated error band and the scaled G-band (forme

s  based on the defining equation (S2 − �2)T ˙−1
2 (S2 − �2) = �2

4(0.95), while the scale fact
d by successive scaled standard ellipses). The 95% statistically simulated error band

or of the scaled G-band is
√

�2
4(0.95).
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only accounting for the correlation between the two endpoints of
each component line segment. Thus, the statistical simulation error
model considers the correlation among all the vertices of the poly-
line. (2) The shapes of the statistically simulated error bands for
X. Tong et al. / International Journal of Applied Ear

efines the error band of a polyline/polygon as the union of all error
ands of the composite line segments. In contrast, the proposed
rror band model defines the error band of a polyline/polygon by
ntegrating a population of line segments/polylines/polygons com-
uted from the entire solution set of the defining equation for the
rror model.

.1. Comparison between the statistically simulated error band
nd G-band for line segments

.1.1. The standard statistically simulated error band and G-band
We designed a series of simulated experimental data sets in a

IS environment (Table 1) covering six different error variations in
he two endpoints of the line segment, P1P2.

The statistically simulated error band is based on the four-
imensional ellipsoid equation (S12 − �12)T ˙−1

12 (S12 − �12) = �2
4,˛,

nd the probability of the measured line segment being entirely
ithin its error band is (1 − ˛) × 100%. Using the sampling strategy

ntroduced in Section 2.3.1, we simulated the error bands of the six
ine segments with different statistical significances.

If the defining equation for the statistically simulated error band
s (S2 − �2)T ˙−1

2 (S2 − �2) = �2
4(˛) = 1, the error band is referred to

s “the standard error band” for short. When �2
4(˛) = 1, the prob-

bility (1 − ˛) is equal to 9.02%. We  used �/20 as the sampling
nterval for the angle parameters in Eq. (26).

As shown in Fig. 3, we overlaid the G-band on our standard
tatistically simulated error band to investigate the relationship
etween them. From the figure, we can see that for line segments
he standard error band closely matches the G-band model. When
sing a smaller sampling interval in the solution set, the two error
and models fit more closely.

.1.2. Statistically simulated error band at all confidence levels
nd the scaled G-band

Assuming that the predefined probability is 95%, the statisti-
ally simulated error band is based on equation (S2 − �2)T ˙−1

2 (S2 −
2) = �2

4(0.95). At the same time, we discovered that a scaled G-
and with an appropriate size could match the 95% statistically
imulated error band. After a series of tests, we ascertained that a
caled G-band with scale factor

√
�2

4(0.95) matches the 95% sim-
lated error band best (Fig. 4).

Through further experiments, we reached the following con-
lusion. For line segments with both correlated and uncorrelated
rrors of the two endpoints, a scaled G-band with scale factor

�2
4(˛) matches the statistically simulated error band with prob-

bility (1 − ˛) × 100%.

.2. Comparison between the statistically simulated error band
nd G-band for polylines and polygons

In this section, we discuss the design of another series of sim-
lated experimental data sets in a GIS environment (Table 2),
overing eight different variations in the three vertices of polyline
1P2P3.

Based on the original data and Eq. (20), a six-dimensional hyper-
llipse of the polyline is calculated, and the statistically simulated
rror band is generated using the simulation method presented in
ection 2.3.2. Fig. 5 shows the results of the statistically simulated
rror bands of the polyline for the eight different variations in the
hree vertices.

From Fig. 5, two observations are evident. (1) When the errors
f the vertices of the polyline are uncorrelated (e.g., polyline No.
 in Table 2), the statistical simulation error model matches G-
and. However, when the errors of all the vertices of the polyline
re correlated (e.g., the remaining polylines in Table 2), there is a
ignificant difference between the statistical simulation error
Fig. 5. Overlay of the statistically simulated error band and G-band for polyline
P1P2P3.

model and G-band. The reason for this can be explained as follows.
The statistically simulated error band for a polyline (or polygon)
is determined from its defining equation, which is relevant to the
degrees of freedom of the polyline variables. At the same time,
simulation of the error model considers the polyline as a whole.
The G-band model of a polyline, on the other hand, is a union of
the G-bands of all the component line segments in the polyline,
Fig. 6. Digitized building polygon: (a) the dotted line polygon is the digitized build-
ing before adjustment, and (b) the solid line polygon is the digitized building after
adjustment.
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Fig. 7. Comparison between the statistically simulated error band and G-band for
44 X. Tong et al. / International Journal of Applied Ear

he polyline differ according to the different error variations in the
hree vertices of the polyline.

It should be noted that in the test data sets (see Tables 1 and 2),
ur proposed simulation method draws the error band around the
true” location of the line segment/polyline. The reason for this is
hat the true location of the line segment/polyline is assumed to be
nown in the test data, and therefore, the proposed error band is
enerated using the “true” location of the line as the basis. However,
he true line is unknown in most practical contexts, and thus the
est estimation of the true line is used as the basis for the error
ands based on the least-squares technique presented in the next
ection.

. Experiments

In this section, two experiments are presented to demonstrate
he implementation of the proposed statistical simulation error

odel. The first example aims to (1) estimate the accuracy of
he points on an individual building polygon digitized from paper

aps (or observed from other surveying techniques, such as GPS
r photogrammetry) based on the least-squares adjustment; and
2) evaluate the applicability of the proposed statistical simulation
rror model by comparing the results of both the proposed error
odel and G-band for the digitized building polygon. The second

xample illustrates the performance of the proposed error model
ith two different confidence levels for digitized building polygons

ased on the obtained variance–covariance matrix of the vertices
n the polygons estimated from the least-squares adjustment. The
im of the experiments is to show both theoretical and practical
spects of the proposed error model.

.1. The statistical simulation error model for an individual
igitized building polygon

As discussed in Section 2.2,  the accuracy (variance–covariance
atrix) of the vertices of the polygon must first be provided to gen-

rate the proposed statistically simulated error band of the polygon.
herefore, in this section, using a building polygon digitization as
n example, we demonstrate practical procedures for obtaining the
ariance–covariance matrix of the coordinates of the points on the
uilding polygon based on a least-squares adjustment computa-
ion, and for constructing the error band of the building polygon
ased on the estimated variance–covariance matrix of the points
n the polygon.

Digitization is one of the most frequently employed techniques
or converting paper maps to digital form in a GIS (Bolstad et al.,
990; Tong and Liu, 2004). However, owing to the unavoidable
rrors during this process, points, lines and polygons digitized from
riginal maps could be distorted in terms of location and shape. As

 result of the need to improve the accuracy of data digitized from
aper maps, construction of geometric conditions such as straight

ines, distances, right angles and area constraints is generally per-
ormed in map  digitization using adjustment techniques (Tamim
nd Schaffrin, 1995; Merrit and Masters, 1999; Lu and Shin, 2002;
ong et al., 2005; Tong et al., 2009). Following the adjustment com-
utation, the variance-covariance matrix of the coordinates of the
oints on the polygons can be estimated. Therefore, the obtained
ariance–covariance matrix of the points on the polygon can be
urther used as an error indicator in constructing the error band
sing the proposed simulation error model. Fig. 6 shows a digitized
uilding polygon.
Based on the least squares principle, the method for right-angle
djustment of the digitized building polygon was adopted (Tong
t al., 2009). Table 3 shows the results of the adjusted coordi-
ates and right-angles of the digitized building polygon. The table

the  digitized polygon: (a) G-band for the polygon, (b) statistically simulated error
band for the polygon, and (c) overlay of the two generated error bands.
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Fig. 8. Statistically simulated error band for the digitized polygon: (a) the blue band
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Fig. 9. Statistically simulated error band for digitized building polygons in a cadas-
tral map  of Shanghai, China: (a) 60% statistically simulated error band for digitized
as  a 60% confidence level, and (b) the red band has a 95% confidence level.

hows the observations of the digitized coordinates in the x- and
-directions, the calculated angles, the adjusted coordinates in
he two directions, the angles after adjustment, and the residuals
etween the digitized and adjusted coordinates of the points on the
olygon, as well as the residuals between the calculated angles and
djusted angles.

At the same time, the variance–covariance matrix of the coor-
inates of the four vertices of the polygon after adjustment is
stimated as follows (the unit is m2)

 =

⎡
⎢⎢⎢⎢⎣

0.0048 −0.0006 0.0011 0.0002 −0.0015 0.0006 0.0022 −0.0002
0.0036 −0.0015 0.0022 0.0006 −0.0002 0.0015 0.0011

0.0036  0.0006 0.0022 0.0015 −0.0002 −0.0006
0.0048 −0.0002 0.0011 −0.0006 −0.0015

0.0048 −0.0006 0.0011 0.0002
0.0036 −0.0015 0.0023

0.0036 0.0006
0.0048

⎤
⎥⎥⎥⎥⎦

Using the variance–covariance matrix given above, the sta-
istically simulated error band for the digitized polygon can be
onstructed.

Fig. 7 shows a comparison of the statistically simulated error
and and G-band for the digitized polygon.

From Fig. 7(b), we can see that the width of the simulated error
and is greater between points 1–2 and 2–3, than between points
–4 and 3–4. The reason for this is that the errors of points 1 and 2
re much greater than those of the remaining points. At the same
ime, it can be observed from Table 3 that the residuals of the former
wo points are greater than those of the latter two points. The
esults show that the proposed statistically simulated error band
ccurately represents the error distribution of the polygon.

For comparison, Fig. 7(c) shows an overlay of the statistically
imulated error band and G-band for the polygon. In this example,
he polygon has four vertices, and the defining equation follows
he chi-square distribution with eight degrees of freedom. If the
-band is used, we have �2

8(˛) = 1 and  ̨ = 0.18%. Therefore, from
ig. 7(c), we can see that there is a marked difference between the

tatistically simulated error band and G-band for the polygon.

Based on the estimated variance–covariance matrix of the four
ertices of the polygon, the statistically simulated error bands for
he polygon are constructed with 60% and 95% confidence levels.
ig. 8 shows the statistically simulated error bands for the digitized
olygon with confidence levels of 60% and 95%.

building polygons, (b) 95% statistically simulated error band for digitized building
polygons, and (c) overlay of the 60% and 95% statistically simulated error bands.



1 th Obs

4
p

t
t
c
a
a
c
v
p
u
a
u
w
f
s
l
T
u
s
a
1

a
t
b

o
b
o
u
e
e
v
u
d

5

s
a
f

p
b
t
l
s
c
s
s
m
t
e

e
F
c
b
e
p
a

46 X. Tong et al. / International Journal of Applied Ear

.2. Statistical simulation error model for digitized building
olygons

Based on the least-squares adjustment method discussed above,
he variance–covariance matrix of the coordinates of the points on
he building polygon can be used to construct the proposed statisti-
ally simulated error band of the digitized polygon. In this section,
n implementation of the proposed error band model is applied to

 real data set (Fig. 9). The source map  is one of the 1:500 scale
adastral maps of Shanghai, China, digitized by map  scanning and
ectorization. The spatial features in the map  include line segments,
olylines, and polygons. These digitized features were adjusted
sing the least-squares method (Tong et al., 2009). The variance
nd covariance matrix was estimated from the adjustment and
sed as the error indicator to construct the proposed error band,
ith the aim of providing the error distribution of the digitized

eatures. It should be noted that in the real data set, the proposed
imulation method draws the error band around the best estimated
ocation of the line segment/polyline instead of its true location.
he estimated location of the line segment/polyline is obtained
sing a least-squares adjustment. It is widely known that the least-
quares technique is a standard estimation approach that provides
n unbiased estimation of the true value (Mikhail and Ackermann,
976).

We used two  confidence levels for the error band model: 60%
nd 95%, as shown in Fig. 9(a) and (b), respectively. Fig. 9(c) illus-
rates the overlay of the 60% and 95% statistically simulated error
ands for the digitized polygon buildings.

In the above two experiments, the building polygon data
btained from digitizing paper maps was used to test the feasi-
ility of the proposed error band model. In fact, any other data,
btained from GPS, LiDAR, or photogrammetric methods, would
navoidably contain random errors (Acar et al., 2006; Schaffrin
t al., 2006). Therefore, using a least-squares adjustment, the best
stimation of the true location of the planimetric data and their
ariance-covariance matrix can be obtained, and our proposed sim-
lation method can be used to generate the error bands of the line
ata.

. Conclusions

We have presented a new error band model for line features, the
tatistical simulation error model, based on probability theory and

 simulation method. The proposed error band model can be used
or line segments, polylines, and polygons.

Because a line feature, composed of numerous continuous
oints, follows a singular normal distribution, the proposed error
and model can be constructed solely from the statistical charac-
eristics of the endpoints (vertices) and the predefined confidence
evel. At the same time, using a simulation method, the proposed
tatistical simulation error model can be generated at the given
onfidence level (1 − ˛) × 100%, by integrating a population of line
egments/polylines/polygons computed from the entire solution
et of the defining equation for the error model. The proposed
odel can satisfy predefined probability requirements by adjusting

he squared Mahalanobis distance between the coordinates of the
ndpoints (vertices) and their mean, based on statistical theory.

The relationship between our proposed error model and the
xisting G-band model (Shi and Liu, 2000) is given below. (1)
or line segments, the standard statistically simulated error band
losely matches the G-band model. It was found that a scaled G-√

and with scale factor �2

4(˛) matches the statistically simulated
rror band with probability (1 − ˛) × 100%. (2) For polylines and
olygons, if the errors of all the endpoints of the polyline/polygon
re correlated, there is a marked difference between the proposed
ervation and Geoinformation 21 (2013) 136–148

statistically simulated error band and G-band. The reason for the
difference can be explained as follows. The G-band model defines
the error band of a polyline/polygon as the union of all error bands
of the composite line segments, only accounting for the correlation
between the two endpoints of each composite line segment. How-
ever, our proposed error band considers the entire polyline/polygon
by considering the variance–covariance matrix of all the vertices of
the polyline/polygon when constructing the statistically simulated
error band. Therefore, our proposed statistically simulated error
band is better suited to the case where the errors of all the vertices
of the polyline/polygon are correlated.
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Appendix A.

For a line segment with two endpoints P1(X1, Y1) and P2(X2, Y2),
the coordinates of an arbitrary point denoted as P2i(X2i, Y2i) (i = 1,
2, . . .,  N) on the line segment are calculated as:

{
x2i = (1 − r)X1 + rX2

y2i = (1 − r)Y1 + rY2

(0 ≤ r ≤ 1),  (A-1)

where r = li/l, li is the distance between points P1(X1, Y1) and P2i(X2i,
Y2i), and l is the length of the line segment.

We specify the order of the N component points in S. The first
two points in S are the endpoints P1(X1, Y1) and P2(X2, Y2), while
the remaining intermediate points on the line segment are set to
follow P1 and P2 in S, with subscripts from 3 to N denoting the
“order”. Therefore, we have

S =
[

S12

S3∼N

]
, (A-2)

where S12 = [X1, Y1, X2, Y2]T, which is same as S2 in Section 2, and
S3∼N = [X3, Y3, X4, Y4, ..., XN, YN]T.

According to Eq. (A-1), vector S3∼N is the coordinates of an arbi-
trary point between the two  endpoints on the line segment, which
is a linear combination of vector S12, and thus we have

{
S3∼N = C · S12

S3∼N − u3∼N = C · (S12 − u12)
(A-3)

where �12 = E(S12), �3∼N = E(S3∼N), and C is a 2(N − 2) × 4 matrix
which is obtained based on Eq. (A-1) as follows:

⎡ 1 − r3 0 r3 0 ⎤

C =

⎢⎢⎣ 0 1 − r3 0 r3
· · ·

1 − rN 0 rN 0
0 1 − rN 0 rN

⎥⎥⎦
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According to the covariance propagation law and Eq. (A-3), we
ave

˙12·(3∼N) = ˙12CT

˙(3∼N)·12 = C˙12

˙(3∼N) = C˙12CT = ˙(3∼N)•12CT = ˙(3∼N)·12˙−1
12 ˙12·(3∼N)

.(A-4)

According to Eq. (8) in Section 2 of the paper, we  have

S − u)T ˙−
NN(S − u) = (S − u)T ˙−∗

NN(S − u) + (S − u)T U(S − u)

− (S − u)T ˙−∗
NN˙NNU˙NN˙−∗

NN(S − u) (A-5)

In Eq. (A-5), the first term is

(S  −  u)T˙−∗
NN

(S  −  u)  =
[

(S12 −  u12)T (S3∼N −  u3∼N )T
][

˙−1
12 O

O O

][
S12 −  u12

S3∼N −  u3∼N

]
=  (S12 −  u12)T˙−1

12 (S12 −  u12)
(A-6)

and for the third term (S − u)T ˙−∗
NN˙NNU˙NN˙−∗

NN(S − u), we com-
ute

(S  −  u)T ˙−∗
NN

˙NN =
[

(S12 −  u12)T (S3∼N −  u3∼N )T
][

˙−1
12

O

O O

][
˙12 ˙12·(3∼N)

˙(3∼N)·12 ˙3∼N

]
=
[

(S12 −  u12)T ˙−1
12

˙12 (S12 −  u12)T ˙−1
12

˙12•(3∼N)

]
=
[

(S12 −  u12)T (S12 −  u12)T ˙−1
12

˙12CT
]

=
[

(S12 −  u12)T (S12 −  u12)T CT
]

=
[

(S12 −  u12)T (S3∼N −  u3∼N )T
]

(A-7)

Similarly, computing ˙NN˙−∗
NN(S − u) in the third term, we  have

˙NN˙−∗
NN (S − u) =

[
˙12 ˙12·(3∼N)

˙(3∼N)•12 ˙3∼N

][
˙−1

12 O

O  O

][
S12 − u12

S3∼N − u3∼N

]

=
[

I O

˙(3∼N)·12˙−1
12 O

][
S12 − u12

S3∼N − u3∼N

]

=
[

I O

C O

][
S12 − u12

S3∼N − u3∼N

]

=

[
S12 − u12

C(S12 − u12)

]

=

[
S12 − u12

S3∼N − u3∼N

]

(A-8)

Therefore, substituting Eqs. (A-7) and (A-8) into the third term,
e have

(S − u)T ˙−∗
NN˙NNU˙NN˙−∗

NN(S − u) =[
(S12 − u12)T (S3∼N − u3∼N)T

]
U

[
S12 − u12

S3∼N − u3∼N

]

= (S − u)T U(S − u)

(A-9)

Further substituting Eqs. (A-6) and (A-9) into Eq. (A-5), we have

(S − u)T˙−
NN(S − u) = (S12 − u12)T˙−1

12 (S12 − u12)

+(S − u)TU(S − u) − (S − u)TU(S − u)

= (S12 − u12)T˙−1(S12 − u12)

(A-10)
12

Equation (A-10) shows that the quadratic form (S − �)T ˙ −
NN(S −

) in the exponent of the singular normal probability den-
ity function in Eq. (12) in Section 2 of the paper becomes
ervation and Geoinformation 21 (2013) 136–148 147

(S12 − �12)T ˙−1
12 (S12 − �12), which depends only on the two end-

points P1(X1, Y1) and P2(X2, Y2) of the line segment.
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